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Abstract

Free volume data from positron annihilation lifetime spectroscopy (PALS) experiments are combined with a SimhaeSomcynsky (SeS)
equation of state analysis of pressureevolumeetemperature (PVT) data to model free volume contributions to structural mobility in a series
of poly(n-alkyl methacrylate)s. From the PALS data the glass transition temperature, Tg, decreases (from 382 to 224� 5 K) and a given
mean free volume is observed at lower temperatures as the side-chain length increases (going from methyl- to hexyl-). This is evidence of
an internal plasticization whereby the side-chains reduce effective packing of molecules. By comparing PALS and PVT data, the hole number
per mass unit, Nh

0, is calculated using different methods; this varies between 0.54 and 0.86� 1021 g�1. It is found that the extrapolated free vol-
ume becomes zero at a temperature T0

0 that is smaller than the Vogel temperature T0 of the a-relaxation. The a-relaxation frequencies can be
fitted by the free volume theory of Cohen and Turnbull, but only when the free volume Vf is replaced by (Vf�DV) where DV(¼ Ef(T0� T0

0), Ef

is the thermal expansivity of Vf) varies between 0.060 and 0.027� 0.003 cm3/g, decreasing with side-chain length, apart from poly(n-hexyl
methacrylate) where DV increases to 0.043� 0.003 cm3/g. One possible interpretation of this is that the a-relaxation only occurs when, due
to statistical reasons, a group of m or more unoccupied SeS cells are located adjacent to one another. m is found to vary between 8 and 2
for poly(methyl methacrylate) and poly(n-butyl methacrylate), respectively. We found that no specific feature in the free volume expansion
was consistently in coincidence with the dynamic crossover.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The discussion about the influence of free volume on the
mobility of molecules in amorphous solids has a long history
in polymer science. This is because it is based on the intui-
tively appealing picture of molecules’ motion being influenced
by the space around them. This connection was empirically
quantified by Doolittle [1], and has been further explored by,
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for example, Cohen and Turnbull (theory based on some basic
assumptions and statistical mechanics) [2].

The major difficulty in fully assessing any theoretical pre-
dictions connecting free volume and molecular mobility is in
measuring the free volume present. The angstrom-sized free
space that exists between molecules in a material has the
form of a number of interconnected ‘holes’ of varying sizes
and shapes. A complete topographic representation of these
holes is not realistic, and so an average dimension must be
sought. This is achieved in the present work, as has become
relatively common over the past few decades, by using posi-
tron annihilation lifetime spectroscopy (PALS) [3e5]. This
technique involves the measurement of the lifetimes of
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positrons injected into a sample, extracting the mean lifetimes
of those positrons forming ortho-positronium (o-Ps), and
relating this, via a simple semi-empirical equation, to the
free volume hole dimensions. The semi-empirical equation
referred to, the TaoeEldrup equation, which will be described
fully later in this paper, assumes a spherical hole symmetry.
This is an over-simplification, and so the resultant ramifica-
tions on interpretation have been considered. As described
by Hofmann et al. [6], irregularly shaped holes can be sampled
in such a way that the shortest dimension(s) of the hole is the
controlling parameter in the positron’s lifetime, for example:
long, thin (cylindrical) holes. Holes with complex shapes, fur-
thermore, will be sampled by test particles (o-Ps) in such
a way as to be measured as identical to smaller, less complex,
holes. Despite this relatively crude measurement of average
hole size or hole size distribution, PALS remains a unique
method for directly measuring the free volume holes in the
bulk of a polymer.

In the era of PALS experiments therefore the opportunity
has arisen for testing some theoretical approaches to molecular
mobility. For example, some of the authors [7] have shown
that the ionic conductivity of ethylene oxide based polymer
electrolytes is determined by the local free volume as mea-
sured by PALS, via the CoheneTurnbull model [2] and the
VogeleFulchereTammann (VFT) Law [8e10], over several
orders of magnitude. While the mobility of small molecules
in polymers always seems to follow the free volume theory,
the situation for rheological behaviour appears more compli-
cated. Bartoš et al. [11] combined the WilliamseLandele
Ferry (WLF) equation [12] with Doolittle’s equation [1].
This work showed that the rheological behaviour of polyisobu-
tylene over a wide temperature range could be shown to be
governed by the free volume as detected by PALS while in
the case of cis-1,4-polybutadiene the free volume equation
must be modified by including an energy term. Results similar
to the latter were also obtained by some of the authors for
poly(vinyl acetate) [13].

The free volume in a polymer can also be determined,
though not directly measured, using an equation of state
approach. One such equation of state is derived from the
SimhaeSomcynsky lattice-hole theory (SeS eos) [14,15].
This theory describes a macromolecular liquid as a collection
of cells of equal volume arranged in a periodic lattice with
coordination number z¼ 12, each one of which is either
occupied or unoccupied. The SeS eos is based on the princi-
ple of corresponding states [16] whereby one equation, or
set of coupled equations, form the equations of state in terms
of reduced variables. The mechanics of this approach will
be described in more detail later in this paper. Links between
the specific free volume determined in this way and the
local free volume from PALS have been explored extensively;
see for example [17,18]. By comparing these two measures
it has been suggested that the number of holes, as measured
by PALS, can be calculated [19]. More recently, the free
volume from the SeS eos approach has been used in
more detailed models of structural relaxation by Dlubek
et al. [13].
This paper will deal with the temperature dependence of
free volume in a series of poly(n-alkyl methacrylate)s and
compare this with relaxation data. The polymer samples
used have previously been studied extensively by the experi-
mental polymer physics group of the University of Halle
(Germany) employing conventional (DSC) and temperature
modulated differential scanning calorimetry (TMDSC), broad-
band dielectric spectroscopy, and other methods [20e24].
Poly(n-alkyl methacrylate)s are an ideal system for a study
of this nature as their relaxation characteristics can be system-
atically altered by changing the side-chain length. Of particu-
lar interest in this respect is the frequency of dielectric
relaxations at the crossover temperature: this frequency
becomes lower the more the side-chain length is increased
[20,21]. Poly(n-alkyl methacrylate)s are also an interesting
system to study in material terms alone as they and their deriv-
atives are finding applications in such fields as non-linear
optics and energy storage [22]. This work goes beyond previ-
ous PALS studies on poly(n-alkyl methacrylate)s, for example
Malhotra and Pethrick [25] and Li et al. [26], by combining
PALS and PVT SeS eos to characterize completely the struc-
ture of the free volume. Moreover, the dispersion of hole
sizes leading to a dispersion in the various lifetimes is ana-
lysed. The structural (a-)relaxation data from Refs. [20e24]
are analysed in order to test the validity and limits of the
CoheneTurnbull free volume theory. Moreover, we discuss
whether the crossover from the low-temperature a-relaxation
to the high-temperature a-relaxation has an effect on the
hole volume expansion.

2. Experimental section

2.1. Samples

A series of poly(n-alkyl methacrylate)s, [eCH2e
C(CH3)(COOR0)e]n where R0 ¼ CCH2Cþ1 is the alkyl part of
the side-chain and the index ‘C’ gives the number of carbon
atoms in the alkyl part, were investigated. The series contains:
poly(methyl methacrylate), PMMA, C¼ 1; poly(ethyl methac-
rylate), PEMA, C¼ 2; poly(n-propyl methacrylate), PPMA,
C¼ 3; poly(n-butyl methacrylate), PBMA, C¼ 4; poly(n-
hexyl methacrylate), PHMA, C¼ 6. The samples were kindly
provided by Dr. M. Beiner, Universität Halle, and, as already
mentioned, characterized in previous works [20e24]. The
molar masses of the repeat units, Mrep, and the weight average
molecular masses, MW, are shown in Table 1. Table 2
contains the glass transition temperature from DSC and further
parameters characteristic of the segmental dynamics.

2.2. Positron lifetime experiments

The PALS measurements were performed using a fastefast
coincidence system [3] with a time resolution of 290 ps
(FWHM, 22Na source). Two identical samples of 1 mm thick-
ness were sandwiched around a 1� 106 Bq positron source:
22NaCl, deposited between two 8 mm thick Kapton foils.
To prevent sticking of the source to the samples at higher
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Table 1

Sample characterisation and volume parameters from PVT data

Quantity �a PMMA PEMA PPMA PBMA PHMA

Mrep, g/mol 100 114 128 142 170

MW, kg/mol 86 154 283 160 178

Tg (PVT), K 3 376 334 n/d n/d 268

T0
0 (PVT), K 5 244 222 218 207 179

Eg, 10�4 cm3 g�1 K�1 0.08 2.11 3.81 n/d n/d 4.40

Er, 10�4 cm3 g�1 K�1 0.04 4.99 5.97 6.11 6.17 6.80

V(Tg), cm3 g�1 0.002 0.868 0.893 0.913 0.946(4) 0.972

Vocc(Tg), cm3 g�1 0.002 0.804 0.829 0.855 0.887 0.914

Vf(Tg), cm3 g�1 0.002 0.064 0.064 0.058 0.060(4) 0.058

h(Tg) 0.002 0.073 0.072 0.064 0.063(4) 0.059

Vocc(0), cm3 g�1 b 0.001 0.798(2) 0.822 0.848 0.880 0.907(2)

V*, cm3 g�1 0.001 0.842 0.868 0.895 0.929 0.958

T*, K 50 11900 10600 10450 10300 9200

P*, MPa 10 1050 880 860 860 n/d

M0, g/mol 0.4 37.4 38.3 37.6 35.7 n/d

vSS (Tg), Å3 0.5 50 52.7 53.4 52.6 n/d

Ef,g, 10�4 cm3 g�1 K�1 0.05 1.37 2.90 n/d n/d 3.57

Ef,r, 10�4 cm3 g�1 K�1 0.02 4.81 5.66 5.98 6.00 6.53

Eocc,g, 10�5 cm3 g�1 K�1 0.05 7.33 6.04 n/d n/d 8.32

Eocc,r, 10�5 cm3 g�1 K�1 0.03 1.62 1.90 2.03 2.24 2.73

a Uncertainties given are mean values for the material series. If the error for one particular measurement is unusually large, the error for the last significant

figure is given in brackets next to the relevant measurement.
b From plot of Vocc vs. T extrapolated from above Tg down to absolute zero.
temperatures, each sample was covered with an additional foil
of 8 mm thick Kapton. Source corrections, due to positrons an-
nihilating in the salt and Kapton foils, were determined from
the defect-free aluminium reference measurements. These
source corrections were: 8.5% at 343 ps and 0.5% at 2.7 ns.
The time resolution function used for the final fitting
Table 2

Free volume parameters from PALS data and other literature parameters used in this work

Quantity �a PMMA PEMA PPMA PBMA PHMA

Tg (PALS), Kb 5 382 331 315 307(10) 224

Tg (DSC), Kc 3 379 343 324 298 253

t3 (295), ns 0.05 2.02 2.18 2.23 2.43 2.67

T0
0 (PALS), K 20 296 210 215 166 169

T0, Kc 371 304 285 256 215

Ba/ln 10, Kc 366 361 359 361 389

Tþ, Kd 450 380 n/a 323 282

log(u), rad s�1 d 10.8 8.3 7.6 7.6 6.8

hvhi (295), Å3 5 79 88 91 99 119

hvhi (Tg), Å3 5 90 91 95 103 52

ehg, Å3/Ke 0.03 0.13 0.10 0.25 0.30 0.28

ehr, Å3/Ke 0.04 1.03 0.75 0.96 0.73 0.94

ahg, 10�3 K�1 e 0.4 1.4 1.1 2.6 2.9 5.5

ahr, 10�3 K�1 e 0.6 11.5 8.2 10.0 7.1 18.1

Nh
0, 1021 g�1 f 0.04 0.54 0.74 0.66 0.86 0.66

Vf0, cm3/gf 0.006 0.017 �0.004 �0.006 �0.032 �0.002

Nh
0, 1021 g�1 h 0.04 0.57 0.77 0.68 0.86 0.69

Voccþ Vf 0, cm3/gh 0.005 0.820(8) 0.821 0.847 0.856(6) 0.909

Nh
0, 1021 g�1 g 0.01 0.67 0.70 0.62 0.65 0.64

Nh¼Nh
0 /V(Tg), nm�3 g 0.04 0.78 0.79 0.67 0.69 0.66

gVf*, cm3/g 0.03 0.38 0.37 0.59 0.53 0.17

DV, cm3/g 0.003 0.062 0.052 0.038 0.028 0.043

a Uncertainties given are mean values for the material series. If the error for one particular measurement is unusually large, the error for the last significant

figure is given in brackets next to the relevant measurement.
b Determined from linear least-square fits of straight lines to hvhi vs. T above and below Tg, as shown in Fig. 9.
c From Ref. [21].
d From Ref. [48] a-relaxation, temperatures between Tg and Tþ (PMMA, PEMA, PBMA). Fitted from data in Ref. [21] (PPMA, PHMA).
e Subscripts ‘g’ and ‘r’ on expansivities and coefficients of expansion refer to the glassy and rubbery phases, respectively.
f From linear least-square fits to plots of Vf vs. hvhi.
g From linear least-square fits to plots of Vf vs. hvhi constrained to pass through the origin.
h From linear least-square fits to plots of V vs. hvhi.
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procedure was determined consisting of the sum of three
Gaussian functions.

The temperature of the samples, placed in a vacuum cham-
ber, was varied, at maximum between 140 and 480 K, in steps
of 10 K with an uncertainty of �1 K. For some of the samples
the heating scan was followed by a cooling scan in steps of
10 K down to 293 K. Since no hysteresis was observed in
the lifetimes, these results will not be discussed.

2.3. PVT experiments

The PVT experiments [27] were carried out by means of
a fully automated GNOMIX high-pressure dilatometer. The
data were collected in the range from room temperature to
250 �C in steps of 10 K. At each temperature the material was
pressurized from 10 to 200 MPa. The specific volumes for atmo-
spheric pressure were obtained by extrapolating the values for
10e30 MPa in steps of 1 MPa according to the Tait equation
using the standard GNOMIX PVT software. The instrument
is able to detect changes in specific volume as small as
0.0002 cm3/g with an absolute accuracy of 0.002 cm3/g. The
data obtained in a cooling run after the heating showed a disap-
pearing small hysteresis when compared with the heating data
and are therefore not discussed. The densities of the samples
at room temperature were determined by means of an Ultra-
pycnometer 1000 (Quantachrome) with an accuracy of 0.03%.

3. Results and discussion

3.1. Specific volume and SeS eos analysis of PVT data

Fig. 1 shows the temperature dependence of the specific
volume, V, extrapolated from PVT measurements to ambient
pressure (P w 0 MPa), of the series of poly(n-alkyl methacry-
late)s. The glass transition is marked, as is usually reported, by
a sudden increase in expansivity. For a given temperature the
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Fig. 1. Specific volume, V, of poly(n-alkyl methacrylate)s as a function of

temperature, T, at ambient pressure. Symbols: experimental data. Line: fits

to the data above Tg (empty symbols) according to Eq. (2). Data for PHMA

reconstructed from fit values in Rogers and Mandelkern [28].
specific volume increases with increasing C-number. The data
for PHMA were reconstructed from fit values in the paper of
Rogers and Mandelkern [28]. This should be treated with a
certain degree of caution as the molecular weights are not
given in the paper and so it is unclear as to whether they are
consistent for the materials tested here. The specific volume
variation for the other materials in the series shows a good
agreement between that of Rogers and Mandelkern and ours,
which is an indication that their data may be valid for use
here. The quality of the linear fits to the data to give the
specific thermal expansivities Eg¼ dV/dT (T< Tg) and Er¼
dV/dT (T> Tg) are very good, the fitted values are listed in
Table 1. The values of Eg, insofar as we have them, increase
with increasing C-number, as do those of Er.

The PVT data were next analysed using the SeS eos theory
[14,15]. As mentioned in Section 1, this theory describes
a macromolecular liquid as a collection of cells of equal vol-
ume arranged in a periodic lattice with coordination number
z¼ 12, each one of which is either occupied or unoccupied.
The theory models the chains as being composed of equivalent
segments (mers of the SeS lattice denoted as s-mers which are
not necessarily monomeric units), each one of which moves in
the potential field of its intermolecular neighbours.

Each cell in the occupied fraction contains the van der
Waals volume of an s-mer, referred to above as a ‘segment’,
as well as an inherent free volume. For a sample containing
N molecules, each consisting of n chemical repeating units
(n-mers) with molecular weight Mrep, the following relation-
ship applies: sM0¼ nMrep. The occupied fraction, y, consisting
of sN cells, can be expressed as y¼ sN/(sNþ Nh

SS), where Nh
SS

is the number of unoccupied cells and h¼ 1� y is the hole
free volume fraction defined according to this theory. These
unoccupied cells constitute the hole free volume in the liquid
where the free volume (hole) fraction is defined as h¼ Vf/V, Vf

being the specific hole free volume. The specific occupied vol-
ume defined according to the SeS eos is Vocc¼ yV¼ V� Vf.

Two expressions are constructed by using the above as-
sumptions to express the partition function: the first follows
from the relationship between pressure and Helmholtz free
energy, P¼�(vF/vV)T:

~P~V
~T
¼
�

1� y
�
21=2y~V

��1=3
�
þ y

~T

�
2:002

�
y~V
��4

�2:409
�
y~V
��2
�

ð1Þ

the second is obtained by minimising the Helmholtz free en-
ergy with respect to y, (vF/vy)V,T¼ 0. ~P ¼ P=P* etc., where
P* is the reduced pressure for the system under consideration.

The two equations define the ~Pe~Ve~T surface together with
the occupied fraction for any molecular liquid. It was shown by
Utracki and Simha [29] that the two equations can be replaced
in the temperature and pressure ranges ~T ¼ 0:016e0:071 and
~P ¼ 0e0:35 by the universal interpolation expression:

ln ~V ¼ a0 þ a1
~T3=2þ ~P

�
a2 þ

�
a3 þ a4

~Pþ a5
~P2
�
~T2
�

ð2Þ

where a0¼�0.10346, a1¼ 23.854, a2¼�0.1320, a3¼�333.7,
a4¼ 1032.5 and a5¼�1329.9. A similar expression is written
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for h in terms of ~T and ~V in the same paper, but there is presently
no universal relationship for the h-function in the glassy state.
Eq. (2) is useful as it gives an analytical expression, which can
be fitted to experimental data in order to determine the scaling
parameters for use in Eq. (1).

The method for calculating Vocc and Vf is as follows:

1. A non-linear least-squares fit of Eq. (2) to zero pressure
volume data (P¼ 0, determined via an extrapolation of
a Tait equation fit to the data in the range 10e30 MPa)
is carried out to determine T* and V*. Since Eq. (2) is
valid for the liquid phase only, the data are fitted in the
temperature range from Tgþ 10 �C to 250 �C.

2. Using the values of T* and V* from step 1, a second fit was
performed, this time using all of Eq. (2) for the measured
PVT field above the pressure-dependent Tg and in the
range 0e200 MPa, which allowed P* to be calculated.

3. Solving Eq. (1) numerically using experimental PVT data
and P*, V* and T* determined from the previous step, it is
possible to calculate y and therefore h at all measured tem-
peratures and pressures. As the positron measurements are
made in a vacuum, determining h at zero pressure is a valid
approximation for comparison. The specific occupied and
free volumes, Vocc and Vf, respectively, are then calculated
as detailed above by multiplying the relevant fraction by
the total specific volume.

It can be seen in Fig. 1 that the scaling parameters (shown
in Table 1), used in Eq. (2), give an excellent approximation to
the experimental data at atmospheric pressure above Tg. T*
decreases with increasing C-number; as noted by Wilson and
Simha [30], a decrease in T* suggests an increase in effec-
tively external degrees of freedom with increasing tempera-
ture. This seems to fit the view of those poly(n-alkyl
methacrylate)s with longer side chains (higher C-number) be-
ing more molecularly mobile, leading to lower Tgs. Values of
V* increase with increasing C-number; indeed, a plot of V*
against the van der Waals volume of a monomer unit agrees
very well with a plot of the function V* (cm3/mol)¼
1.45(�0.01)VWþ 3.88(�3.82) reported by Simha and Carri
[31]. Once the reducing parameters are known, the mass of
an s-mer, M0, can be calculated [29]. The product of M0 and
the specific occupied volume at Tg (divided by NA) is the vol-
ume of an unoccupied SeS cell at this temperature, vSS.
Values of M0 and vSS are shown in Table 1.

The specific free volume, Vf¼ hV, is shown as a function of
temperature at P¼ 0 in Fig. 2. As can be seen, this plot is as
would be expected with the free volume increasing linearly
with temperature but with a discontinuity in the linear expan-
sivity at Tg. The specific thermal expansivity below Tg, Ef,g¼
dVf/dT (T< Tg) (Table 1) increases as C-number increases
from 1 to 6. Like the expansivity of the total specific volume,
the expansivity of the specific free volume above Tg, Ef,r¼
dVf/dT (T> Tg), increases with increasing C-number. Linearly
extrapolating the Vf data from the rubbery state down to zero
gives the temperature T0

0 (PVT), values are displayed in Table
1. In a simplistic picture of free volume and mobility T0

0 (PVT)
should be equal to the temperature at which (the extrapolated)
molecular mobility disappears, known as the Vogel tem-
perature, T0. Reasons for this not being the case (T0 values
are displayed in Table 2) will be discussed later. The specific
expansivity of the occupied volume is an order of magnitude
lower than that of the free volume and decreases above Tg,
but is still non-negligible (Fig. 3), values are given in Table 1.

Fig. 4 shows the specific volume, V, and the specific occu-
pied volume, Vocc, and Fig. 5 shows the specific free volume,
Vf, of poly(ethyl methacrylate) as a function of temperature for
pressures between 0 and 200 MPa. It can be seen that with in-
creasing pressure at all temperatures all three of these are com-
pressible. The glass transition temperature increases from 334
to 370 K as P increases from 0 to 200 MPa. With increasing
pressure, the thermal expansivity of V and Vf above Tg de-
creases in line with previous observations. Interestingly, the
thermal expansion of Vocc is almost independent of the
pressure below in the rubbery as well in the glassy state.
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3.2. Positron lifetime spectra analysis

In molecular matter positrons can annihilate with electrons
directly, or can form a bound state with an electron, the
positronium atom (Ps), and subsequently annihilate with this
bound electron or with an auxiliary one. A given number of
positrons annihilating from a single state will have their
(individual) lifetimes distributed according to Eq. (3),

PiðtÞ ¼
1

ti

exp

�
�t

ti

	
ð3Þ

where Pi(t) gives the probability of a positron in the given
state, i, annihilating in the time interval between t and tþ dt
after the birth of positron. The mean lifetime of a positron
in the given state is ti. Lifetime spectra have conventionally
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been described as a sum of three decay components like that
given in Eq. (3): S(t)¼

P
IiPi(t), i¼ 1, 2, 3, where Ii is the

relative intensity (fraction of annihilation events) of the ith
component,

P
Ii¼ 1. The three components are interpreted

as being due to annihilation of the para state of Ps ( p-Ps,
t1 w 125e200 ps), free (eþ not Ps) positrons (t2 w 370e
450 ps), and the ortho state of Ps (o-Ps, t3¼ 1.5e4 ns)
[3,4]. In vacuum o-Ps has a mean lifetime of 142 ns but this
is reduced in amorphous polymers to the value quoted by
the positron annihilating with an electron other than its
bound partner and of opposite spin (pick-off annihilation).
Conventional analysis involves a non-linear, least-squares fit
of the equation:

SexpðtÞ ¼ N½SðtÞ5RðtÞ� þB ð4Þ

where R(t) is the resolution function of the spectrometer, N is
the total number of counts and B is a background count level.
The TaoeEldrup equation [5,32] links a single characteristic
free volume hole size to a single characteristic lifetime of
o-Ps. This semi-empirical equation assumes a spherical hole
symmetry and that o-Ps is a point particle in an infinite poten-
tial well, annihilating via pick-off in an electron-containing
layer of thickness dr. The o-Ps lifetime is given by:

tpo ¼ 0:5 ns

�
1� rh

rh þ dr
þ 1

2p
sin

�
2prh

rhþ dr

	��1

ð5Þ

where tpo¼ t3 is the o-Ps ‘pick-off’ lifetime, dr¼ 1.66 Å and
rh is the radius of the hole in which the o-Ps is located. In real
systems it is anticipated that fitting to discrete lifetimes will be
something of a crude approximation as there is likely to be
a distribution of hole radii giving a distribution of lifetimes.
To account for this the program LT9 [33,34] is used to fit
lifetimes ti with distributions, mimicking the hole size (and
shape) distributions. The assumption of a one-to-one relation-
ship between o-Ps lifetime distributions and hole size distribu-
tions has been discussed previously and found to be valid due
to Anderson localization meaning that a Ps samples a single
hole before decaying [35]. For extensive discussions on life-
time data analysis, particularly taking lifetime distributions
into account, see Refs. [36,37]. Using LT9, the annihilation
rates are assumed to be log-normally distributed; this choice
of distribution is supported by previous analyses using
CONTIN where a fully continuous distribution of lifetimes
is allowed [33]. The outputs from LT9 in distribution mode
are: the intensity of each lifetime, Ii; the mean lifetime of
each channel, ti; and the standard deviation of the lifetimes
from each component, si.

3.3. Results of PALS analysis

When analysing PALS data, choices have to be made as to
restrictions in the fitting parameters. The analysis scheme in
the present paper has followed that adopted in Ref. [37]. To
summarise: t1, t2, t3, s2, and s3 are unconstrained; s1¼ 0;
I1/I3 was constrained to be 1/3. The results of alternative
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analyses will not be presented, but the similarity in the varia-
tion of parameters with constraints to those previously reported
[37] increases confidence in the final analysis presented here.

Values obtained for t1 (not shown) are constant for the tem-
perature ranges measured and fall in the range 0.15e0.20 ns,
t2 and s2 (not shown) show similar behaviour to that observed
in Ref. [37]: they both (weakly) increase with temperature
with a distinct positive step in the gradient at Tg. t2 varies
between 0.350 and 0.400 ns and s2 values lie in the region
0.07e0.14 ns. The mean o-Ps lifetimes, t3s, are shown in
Fig. 6. A glass transition signifier (denoted as ‘Tg’ on plot)
is marked by a sudden increase in the gradient of t3 against
T with constant gradient both above and below. It can also
be seen that at room temperature (taken as 295 K) t3 increases
with increasing C-number; from 2.02� 0.01 ns for PMMA to
2.67� 0.09 ns for PHMA (Table 2), this is caused by increas-
ing free volume and the physical explanation for this will be
discussed later, along with the other hole free volume data.
The data for PMMA are broadly similar to those observed in
PALS experiments by Schmidt and Maurer [38], although
some differences do exist. They found Tg to be 366 K as
opposed to 382� 2 K found by us (see Table 2); a value of
375 K can be estimated from PALS experiments reported by
Malhotra and Pethrick [25].

Fig. 7 shows, as an example, the mean dispersion in t3, s3,
as a function of temperature for two different fitting schemes
for PMMA. It can be seen that the inclusion of a dispersion
in t2 clearly reduces the final fitted values of s3. This effect
has been observed before [37] although in that work the differ-
ence was less. The values of s3 when s2> 0 agree with those
found for PMMA by Wang et al. [39] who used the distribu-
tion analysis program MELT.

The intensities of the o-Ps lifetimes, I3, are shown in Fig. 8,
where a common pattern can be observed despite there being
a large amount of scatter in the data points. It can be seen that
generally the intensity increases with both temperature and
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Fig. 6. Mean lifetime of the o-Ps component of the lifetime spectra, t3, for the

series of poly(n-alkyl methacrylate)s as a function of temperature, T, at zero

pressure. Representative error bars are shown for PHMA and PBMA; for other

series the error bars are similar of size to data points. The arrows indicate the

glass transitions.
C-number. Furthermore, a jump in intensity is observed in
all the materials’ plots. Similar data have been presented
previously [25] where less uniform behaviour is observed;
the intensity variously increases and decreases, depending on
the material. Taking the data for PMMA, Malhotra and
Pethrick [25] report a sudden increase from w31% to
w37% at Tg, whereas we see an increase from w25% to
w29% over the range 80e30 K below Tg.

3.4. Mean hole size and hole size distribution

The commonly used semi-empirical TaoeEldrup equation
(Eq. (5)) links an o-Ps ‘pick-off’ lifetime (or, equivalently,
annihilation rate) to a free volume hole size. In a situation
where a single mean lifetime is obtained from a fit to a PAL
spectrum it is therefore a simple operation to obtain a mean
hole volume corresponding to that lifetime. As mentioned
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above, the program LT9 can also be operated to assume a
log-normal distribution of the value ai(l)l where ai(l) is the
annihilation rate for the ith annihilation channel. The
maximum of this distribution, li0, and its standard deviation,
si(l), is related to the mean o-Ps lifetime, t3, and its standard
deviation, s3, by the relations t3¼ exp[s3(l)2/2]/l30 and s3¼
s(t3)¼ t3[exp(s3(l)2� 1]0.5. From these distributions it is
possible to calculate the hole radius probability distribution,
n(rh)¼�a3(l)dl3/drh, and from this the volume-fraction
hole size distribution, g(vh)¼ n(rh)/4prh

2, and the number-
fraction hole size distribution, gn(vh)¼ g(vh)/vh. For details
of these calculations, see Dlubek et al. [37]. It has been
suggested that positrons sample holes in a volume-weighted
manner [37,40], preferentially annihilating in larger holes.
This means that gn(vh) is no longer a true representation of
the number-fraction hole size distribution as each point on
that curve is sampled proportionally according to its volume,
vh. It is therefore necessary to calculate and consider gn(vh)
weighted with 1/vh, gn(vh)*¼ gn(vh)/vh. Following the calcula-
tion of these distributions and their mean values, hvhi*, and
standard deviations (calculated numerically), sh*, it was found
that considerable scatter existed in the final values for gn(vh)*.
To compensate this, in the final analysis, the values of s3

obtained from the PAL spectra were fitted to straight lines
against temperature. The fitted values thus obtained over the
full temperature range were used to calculate s3(l) and there-
after the various hole volume distributions. For convenience,
the quantities hvhi* and sh*2 are renamed as hvhi and sh

2: the
mean and the variance of the true number-weighted hole
size distribution.

Fig. 9 shows hvhi as a function of temperature for the full
series of poly(n-alkyl methacrylate)s. The straight lines are
due to linear least-square fits to the data and from these fits
Tgs, thermal expansivities, eh¼ dhvhi/dT, and hole volumes
at room temperature (hvh(295)i) and Tg (hvh(Tg)i) can be cal-
culated (all the values are in Table 2). Firstly, it can be seen
that hvhi(295) increases with increasing C-number; the effect
of hvhi increasing with increasing side-chain length has been
observed previously [41]. The appearance of sterical hindrances
as a result of the extra side-chains prevents effective packing of
the polymer molecules. This is seen as the increase in hole size.
The increase in local free volume allows a higher molecular
mobility indicated by the lowering of Tg and a general increase
in the frequency of a-relaxation at a given temperature.

At low temperatures, o-Ps is trapped in local free volumes
within the glassy matrix and t3, and hence hvhi shows the
mean size of static holes. The averaging occurs over the hole
sizes and shapes. The slight increase of hvhi with temperature
mirrors the thermal expansion of free volume in the glass
due to the anharmonicity of molecular vibrations and local
motions in the vicinity of the holes. In the rubbery phase,
T> Tg, the molecular and segmental motions increase rapidly,
resulting in a steep rise in the hole size with temperature.
Above Tg, hvhi represents an average value of the local free
volumes whose size and shape fluctuate in space and time,
provided the timescale of a typical segmental relaxation is
greater than the mean o-Ps lifetime.
Values calculated for thermal expansivities, eh, and coeffi-
cients of thermal expansion, ah¼ (1/hvh(Tg)i)dhvhi/dT¼ eh/
hvhi(Tg), are shown in Table 2. There is a tendency of the ther-
mal expansivity of the glass, eh,g, to increase with increasing
C-number for C> 2 (Fig. 9 and Table 2). Beiner et al. [42] ob-
served in X-ray scattering experiments an increasing tendency
of nanophase separation with increasing length of the alkyl
group. From dielectric relaxation experiments these authors
concluded on a main chain independent polyethylene-like
a-relaxation interpreted as hindered glass transition in self-
assembled alkyl nanodomains. This relaxation is reported
to have maxima in the shear loss modulus curves (u¼
10 rad s�1) at T z 150 K (C¼ 3) to z170 K (C¼ 6) [42].
Probably, this additional transition causes the extraordinarily
high value of eh,g for the higher poly(n-alkyl methacrylate)s.

Linear extrapolation of the mean hole volume from the
rubbery state down to zero hole volume gives T0

0(PALS)
(Fig. 9 and Table 2). The values obtained from the fits to
hvhi ¼ hvhi* are closest to those obtained from fits to Vf (given
in Table 1 as T0

0(PVT)) although the difference is still
significant for PMMA.

Along with the Vogel temperature T0, the relaxations of
a polymer are characterized by the crossover (or onset) tem-
perature, Tþ (values for the poly(n-alkyl methacrylate)s are
shown in Table 2). Tþ is marked in a dielectric relaxation spec-
trum by the splitting of the high-temperature a-relaxation peak
into the sum of the (secondary) b-relaxation and the slower,
low-temperature a-relaxation. a and a are characterized by dif-
ferent sets of VFT parameters, sometimes the VFT behaviour
goes over into an Arrhenius behaviour. It is believed that at Tþ
the polymer goes over from a ‘‘cold’’ liquid characterized by
a dynamic heterogeneity and cooperative rearranging of mo-
nomeric units to a ‘‘warm’’ liquid characterized by vanishing
dynamic heterogeneity, i.e. all monomeric units are dynami-
cally equivalent and can move non-cooperatively [43].

There is the interesting question whether the free volume
expansion shows any response to the change in the structural
dynamics at Tþ. It is known that at higher temperatures the
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expansion of the o-Ps lifetime, t3, shows a levelling-off. In the
materials in this study only PMMA shows the onset of this ef-
fect at 470e480 K (‘‘knee’’ in t3 in Fig. 6). The nature of this
effect is under discussion. One possible interpretation, dis-
cussed by Ngai et al. [44], is that the knee mirrors the vanish-
ing of dynamic heterogeneity in the structural relaxation and
should correlate with Tþ. For PMMA Tþ appears, however,
at 450 K (Table 2) and the other polymers show no specific
feature of the PAL spectra in coincidence with the dynamic
crossover at Tþ. Probably, and as discussed in detail by Dlubek
et al. [36,37,45], the levelling-off in t3 is due the decrease of
the relaxation time of structural relaxation which comes at
high temperature in the magnitude of the o-Ps lifetime. Indeed,
Bartoš et al. have discussed this effect from a phenomeno-
logical perspective [46,47], noting that for a number of glass-
formers this is the point at which the time-scales of the
structural relaxation and positron annihilation become com-
mensurate. This occurs for the higher poly(n-alkyl methacry-
late)s investigated in this work only at temperatures above
the range of the current experiments.

3.5. Calculating the hole density

The density of the holes in a polymer sampled by positrons
can be estimated using one of the relations [18]

Vf ¼ N0hhvhi ð6Þ

V ¼ Vocc þN0hhvhi ð7Þ

where Nh
0 is the number of holes per mass unit. Here, the free

volume is expressed by Nh
0hvhi and Eq. (6) assumes that the

free volume as detected by PALS is the same as the free
volume Vf¼ hV estimated from the SeS eos. Eq. (7) can be
considered as an empirical, model-free, relation.

Fig. 10 shows plots of Vf vs. hvhi for the entire series of
materials. The data shown are from above Tg. For all of the
materials, Eq. (6) is fitted to the data. It is found that, as
with previous work, the plots are linear above Tg which
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Fig. 10. Specific free volume Vf(T ) plotted as a function of the mean hole

volume, hvh(T )i. Lines show linear fits constrained to pass through the origin.
implies a constant or very slowly varying Nh
0. Two fits were

performed: one, a linear least-squares fit giving the Vf0 (that
is the intercept on the y-axis) values and Nh

0 values listed in
Table 2; and another, because Vf0 was found to be approxi-
mately equal to zero, a linear least-squares fit constrained to
pass through the origin. The Nh

0 values resulting with this
constraint are also listed in Table 2. Fig. 11 shows plots of
V vs. hvhi for the series of materials, the lines are the results
of least-square fits of Eq. (7) to the data. Values of Vocc and
Nh
0 from these fits are listed in Table 2. It can be seen that

the values from Eq. (7) correspond to those from uncon-
strained fits of Eq. (6). The fitted values of Vocc include in
this case the value Vf0. If one compares Vocc¼ Vocc(fit)� Vf0

(from values in Table 2) with Vocc(0) (Table 1) from SeS
eos, derived by extrapolating Vocc vs. T to 0 K, it can be
seen that the two sets of values agree with each other to within
statistical scatter.

The order of magnitude of the values for Nh
0 calculated here

are similar to those reported before. For a direct comparison,
Schmidt and Maurer [38] have calculated Nh

0 for PMMA using
the same method as in this paper and an equation equivalent to
Eq. (7). They obtained a value of Nh

0 ¼ 0.62� 1021, compared
with the value reported here of 0.57� 0.04� 1021. Bearing in
mind the level of uncertainty in the measurement, these seem
to agree well.

The number of holes per unit volume, Nh, is given by
Nh¼ rNh

0. Using this equation in conjunction with values of
Nh
0 already calculated, the number of holes per unit volume at

Tg are calculated and found to be of the order of 0.6e1 nm�3.
As Nh was of the order of 0.6e1 nm�3 this means that the
volume which contains one hole, 1/Nh, is around 1e1.6 nm3.

3.6. Free volume and structural dynamics

In the following section dielectric relaxation data are ana-
lysed according to a modified version of the CoheneTurnbull
free volume model [2]. Using statistical mechanical arguments
these authors derived that the size distribution of the free
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volume per molecule follows an exponential decreasing func-
tion. When applying this approach to a structural relaxation
process in a melt its frequency, u, is given by:

u¼ C exp

�
� gV*

f

Vf

	
ð8Þ

where gVf* is the minimum specific free volume required for
the relaxation process and g is introduced to account for the
overlap of two or more molecules’ free volume and is in the
range 0.5e1. The relaxation angular frequencies used in this
work come from reconstructions using the VFT equation
log u¼ log U� (B/ln 10)/(T� T0) with the parameters for the
a-relaxation (log Ua, Ba and T0a e see (our) Table 2, [48])
given by Beiner et al. for PMMA, PEMA, PBMA and also
by fitting the values in Fig. 5 in Ref. [21] to generate VFT
parameters for PPMA and PHMA. Plotting log u against
1/Vf should, according to Eq. (8), result in a straight line
plot. It can be seen in Fig. 12 that this is not the case; there
is a curvature in the plots. This curvature has been observed
before and an alternative linearisation is achieved by substitut-
ing 1/Vf by 1/(Vf�DV) (see ref. [13] and references therein).
It has been pointed out that Eq. (8) can be considered as being
equivalent to the VFT equation if one assumes a linear expan-
sion of free volume, Vf¼ Ef (T� T0

0). In this case we should have
T0¼ T0

0 and B¼ gVf*/Ef. As we found, however, T0
0 < T0.

Substituting 1/Vf by 1/(Vf�DV) with DV¼ Ef (T0� T0
0) is a

way of incorporating this fact.
A method for determining DV via the relaxation plots was

recently suggested by Dlubek et al. [45] who, adapting
a method proposed by Stickel et al. [49], differentiated
Eq. (8) with 1/Vf replaced by 1/(Vf�DV) to get:

�
d log u=dVf

��1=2¼ ½d log u=dT��1=2

�
dVf=dT

��1=2
¼
�

gV*
f

ln 10

	�1=2�
Vf �DV

�

ð9Þ
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from dielectric relaxation experiments, taken from Beiner et al. [21,48]),

log ua, against 1/Vf where Vf¼Nh
0hvhi. Lines are to guide the eyes only. Points

shown are above Tg.
Thus by plotting [d log u/dVf]
�1/2 against Vf (Fig. 13) and

fitting straight lines to these data, values of gVf* and DV are
obtained, which are listed in Table 2. It can be seen that DV
decreases from C¼ 1 to C¼ 4, but then increases again to
C¼ 6; no strong trend is observed for gVf*.

It has been suggested recently by some of the authors [13]
that DV> 0 is indicative of a fraction of the free volume as
calculated by the SeS eos not being involved in the main
relaxation process. It is reasonable to suggest that the free
volume that is active in the relaxations, Vf�DV, is present
only in groups of empty SeS cells bigger than a certain
cut-off, below which insufficient free volume is available for
its free exchange due to standard thermal fluctuations. This
is similar in concept to a two-phase model of solid-like and
liquid-like clusters used in Cohen and Grest’s free volume
approach to the glass transition [50].

The idea of considering SeS cells in clusters was explored
quantitatively by Vleeshouwers et al. [51] who performed
Monte Carlo simulations to obtain the cluster size distribution
of SeS cells as a function of the hole fraction, h. The MC
results were represented empirically by a decreasing exponen-
tial-like function, describing the probability of a cell being in
a cluster of i cells. For the materials in this study it is therefore
possible, using the temperature dependence of h calculated
above, to calculate the proportion of free volume existing in
clusters of size i cells for each temperature. If pi is the fraction
of free volume present in agglomerates containing i vacant
cells (Spi¼ 1, i¼ 1 e N), then the partial free volume con-
taining multivacancies of m or more cells is:

Vm
f ¼ Vf

XN
i¼m

pi ð10Þ

Fig. 14 shows Vf
m as a function of temperature for PMMA.

As can be seen, above Tg the increase of Vf
m with temperature

can be approximately described by a straight line, particularly
for low m. As m increases, more curvature is seen in the plots
as Tg is approached from above. The temperature where Vf

m

[d
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f]-1
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becomes zero when linearly extrapolated from far above Tg

increases with increasing m. Also shown in Fig. 14 is the
variation of Vf�DV with DV as obtained from Fig. 13.
From this it can be seen that the a-relaxation as measured
by dielectric experiments follows the CoheneTurnbull free
volume theory as applied to aggregates of empty SeS cells
with (on average) between w8 (380 K) and w5 (450 K) cells
in them. A similar procedure was followed for the other mate-
rials and groups of w3.8 (PEMA), w2.7 (PPMA), w2 (PBMA)
and w2.9 (PHMA) cells were found to be required for the
relaxations. A collection of m cells corresponds to a volume of
m� vSS (vSS values at Tg e though vSS varies slowly with tem-
perature and is, to a first approximation, constant e calculated
above and are listed in Table 1), which for these materials are
399 Å3 (380 K) or 250 Å3 (450 K) (PMMA), 200 Å3 (PEMA),
144 Å3 (PPMA) and 105 Å3 (PBMA), all �15 Å3. Recently
some of the authors found for PVAc a minimum cluster size
of 3 [13]. The decrease in the aggregate size shows that
with increasing C-number smaller local free volumes are suf-
ficient to exhibit a liquid-like behaviour in its surroundings.
These results correlate well with the decrease in Tg.

4. Conclusions

Free volume data from positron annihilation lifetime
spectroscopy (PALS) experiments are reported for a series of
poly(n-alkyl methacrylate)s. Tgs are found to decrease from
382 to 224� 5 K as the side-chain length increases from
methyl to hexyl. This is accompanied by a general increase
in free volume hole size in the temperature ranges measured.
The thermal expansivities of the mean hole volume increase
below Tg, ehg, from 0.13 to 0.28� 0.03 Å3/K as the side-chain
increases, and is constant above Tg, ehr, around 1 Å3/K. This is
presented as evidence of an internal plasticization whereby the
side-chains reduce effective packing of molecules. Pressuree
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total free volume. Compared with this is the quantity Vf�DV, calculated using

DV¼ 0.060. Values for DV for other materials are listed in Table 2.
volumeetemperature (PVT) data are also presented and
analysed using the SimhaeSomcynsky (SeS) equation of
state. From this, the specific occupied and free volumes for
the full range of temperatures and pressures can be calculated.
The specific free volume variations match those from PALS
experiments. By comparing PALS and PVT data, the number
hole density per mass unit, Nh

0, is calculated; using different
methods this varies between 0.54 and 0.86� 1021 g�1.

An attempt is made to model-free volume contributions to
molecular mobility in a series of poly(n-alkyl methacrylate)s
using a modified version of the free volume theory of Cohen
and Turnbull. We observed that with decreasing temperature
the a-relaxation detected via dielectric measurements slows
down faster than the shrinkage of hole free volume Vf would
predict on the basis of the free volume theory. Vf becomes
zero only significantly below the Vogel temperature T0,
T0� T0

0 ¼ 46e105 K. Plots of the a-relaxation frequency
log u vs. 1/Vf can be linearised when taking into account
this discrepancy by substituting 1/Vf by 1/(Vf�DV) with
DV¼ Ef(T0� T0

0). DV varies between 0.062 and 0.027�
0.003 cm3/g. One possible interpretation of this is that the
a-relaxation only occurs when a group of m or more un-
occupied SeS cells are aggregated together. m is found to
vary between 8 and 2 for poly(methyl methacrylate) and
poly(n-butyl methacrylate), respectively. This indicates the
increasing flexibility of chains with increasing side-chain
length caused by the increasing fraction of polyethylene-like
chain parts. We found in the free volume expansion no specific
feature in coincidence with the dynamic crossover.
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